Three heats in strongly coupled system and bath by Kwon, Chulan et al.
Three heats in strongly coupled system and bath
Chulan Kwon,1 Jaegon Um,2 Joonhyun Yeo,3 and Hyunggyu Park4
1Department of Physics, Myongji University, Yongin, Gyeonggi-Do, 17058, Korea∗
2BK21PLUS Physics Division, Pohang University of Science and Technology, Pohang 37673, Korea†
3Department of Physics, Konkuk University, Seoul 05029, Korea
4School of Physics, Korea Institute for Advanced Study, Seoul 02455, Korea
(Dated: November 1, 2018)
We investigate three kinds of heat produced in a system and a bath strongly coupled via an
interaction Hamiltonian. By studying the energy flows between the system, the bath, and their
interaction, we provide rigorous definitions of two types of heat, QS and QB from the energy loss of
the system and the energy gain of the bath, respectively. This is in contrast to the equivalence of
QS and QB, which is commonly assumed to hold in the weak coupling regime. The bath we consider
is equipped with a thermostat which enables it to reach an equilibrium. We identify another kind of
heat QSB from the energy dissipation of the bath into the super bath that provides the thermostat.
We derive the fluctuation theorems (FT’s) with the system variables and various heats, which are
discussed in comparison with the FT for the total entropy production. We take an example of a
sliding harmonic potential of a single Brownian particle in a fluid and calculate the three heats in a
simplified model. These heats are found to equal on average in the steady state of energy, but show
different fluctuations at all times.
PACS numbers: 05.70.Ln, 02.50.-r, 05.40.-a
The nonequilibrium fluctuation theorem (FT) has been
proven originally for deterministic systems [1–3], later
for stochastic systems [4–10], and recently for quantum
systems [11–14]. It takes into account thermodynamic
quantities such as heat and work which are continuously
produced even in the steady state. Such quantities accu-
mulated for a long time exhibit huge fluctuations around
their means, which is especially prominent in small sys-
tems. Compared to work, heat is intriguing because it
is interpreted as an energy exchange with practically un-
recognizable bath. By assuming the master equation or
the Langevin equation, heat is found as a function of
stochastic trajectories [15, 16].
Recent studies, mostly quantum mechanical, have
more concentrated on a system strongly coupled with
a bath [17–33]. In spite of extensive efforts, however,
it is pointed out in Ref. [14] that a consistent definition
of heat for the strong coupling regime is currently not
known and most of the studies are restricted to the as-
sumption of an initial product state. A proper means
to treat the interaction energy or Hamiltonian between
the system and the bath is still missing. This limitation
is also present in classical approaches. In this study, we
develop a theoretical framework to deal with the inter-
action rigorously for strongly coupled classical systems,
which is expected to extend to quantum systems.
As the interaction energy changes in time, it accompa-
nies energy changes in both system and bath, hence we
expect two different forms of heat. We consider the bath
to be equipped with a thermostat provided by another
external system, which we call a super bath, so that the
total system and bath is able to reach an equilibrium in
the absence of a nonequilibrium source. We then find
another form of heat in the bath, which is dissipated into
the super bath and plays a crucial role to prevent the
bath from heating up indefinitely.
In this paper, we present detailed mathematical defini-
tions for the three heats based on the rigorous treatment
of the interaction Hamiltonian. We show that there are
many different versions of the FT for entropy production
due to the three forms of heat. We find that three heats
exhibit different fluctuations even in the steady state. We
explicitly confirm these properties from a specific exam-
ple.
First, we consider a general particle Hamiltonian sys-
tem and bath coupled. The system variables are given
by a collection of momentums ~p = (~p1, ~p2, . . . , )t and
positions ~x = (~x1, ~x2, . . .)t, where the superscript t
denotes the transposition of vector or matrix. Simi-
larly, the bath variables are given by ~pB and ~xB. The
Hamiltonian of the total system is composed of three
parts: HS = ~p2/(2µ) + U(~x, λ(t)) for the system, HB =
~p2B/(2m) + UB(~xB) for the bath, and HI = V (~x, ~xB)
for the interaction, where the time-dependent protocol
λ(t) is prescribed only in the system potential U and
the interaction Hamiltonian V is a pairwise potential be-
tween the system and bath particles. We take the same
mass µ for all system particles and m for all bath par-
ticles, just for notational convenience. We assume that
the bath is equipped with a Langevin thermostat pro-
vided by super bath. Then, equations of motion read as
~˙x = ∂HS/∂~p, ~˙p = −∂(HS +HI)/∂~x, ~˙xB = ∂HB/∂~pB, and
~˙pB = −∂(HB +HI)/∂~xB − γ~pB/m+ ~ξ(t) with the white
noise ~ξ(t) satisfying 〈ξi(t)ξj(t′)〉 = 2γβ−1δijδ(t − t′) for
the inverse temperature β and the viscosity coefficient γ.
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2Equations of motion lead to energy relations:
dHS
dt
= W˙−Q˙S, d(HS +HI)
dt
= W˙−Q˙B, dH
dt
= W˙−Q˙SB .
(1)
where W˙ = ∂U/∂t is the rate of the work produced by
the time-dependent protocol λ(t), Q˙S (Q˙B) the rate of
heat loss (gain) of the system (bath). Q˙SB is the rate of
heat loss of the bath flowing into the super bath (SB)
surrounding it, which was also considered in a recent
study [31]. The rates of the three heats are defined as
Q˙S =
∂V
∂~x
· ~p
µ
, Q˙B = − ∂V
∂~xB
· ~pB
m
, Q˙SB =
(
γ~pB
m
− ~ξ
)
· ~pB
m
.
(2)
Note that dHI/dt = Q˙S − Q˙B 6= 0, which is contrary to
the usual expectation about the heat exchange between
system and bath. From the bath point of view, we get
dHB/dt = Q˙B − Q˙SB, where the thermostat slows down
the increase of the bath energy. For equilibrium bath,
the driving on the system by the time-dependent proto-
col should be mild enough to maintain the bath energy
saturated in the long-time limit. Even in this case, the
Q˙B and Q˙SB may show different fluctuations.
Now, we examine the FT for our model. Though the
Langevin thermostat is connected partially only to the
bath, the total system plus bath are governed by the
Langevin dynamics for which various forms of FT are al-
ready known to hold [7, 8]. For example, the integral FT
holds for the total entropy production ∆S accumulated
during a finite time interval as
〈e−∆S〉 = 1 with ∆S = −∆ ln ρ+ βQSB , (3)
where −∆ ln ρ represents the Shannon entropy change
with ρ the probability distribution function (PDF) of the
total system and QSB the accumulated heat flowing into
the super bath. Here and throughout our paper, we set
the Boltzmann constant kB = 1.
These trivial FT’s are, however, not very informative
from the system point of view. Let q = (~x, ~p, ~xB, ~pB)t
be a state vector of the total system with qS = (~x, ~p)t
for system and qB = (~xB, ~pB)t for bath, respectively.
The reduced system PDF ρS(qS) defined as TrBρ(q) is
obtained by tracing out the bath variable qB for the total
system PDF ρ(q). Then, the Bayes’ rule leads to ρ(q) =
ρS(qS)ρ(qB|qS) with ρ(qB|qS) the conditional PDF.
In deriving the FT for the system variables, it is useful
to introduce a reference state for the total system. In
this paper, we consider two typical reference states in the
form of ρ˜(q) = ρS(qS)ρ˜(qB|qS), where the conditional
PDF’s for the two cases are given by
(a) ρ˜(qB|qS) = Z−1B eβH˜Se−β(HB+HI),
(b) ρ˜(qB|qS) = Z−1B e−βHB , (4)
where the equilibrium bath partition function ZB =
TrBe
−βHB and the additional system Hamiltonian
H˜S(qS) originates from the normalization as e−βH˜S =
Z−1B TrBe
−β(HB+HI). One can see easily that H˜S vanishes
in the limit HI ≈ 0.
The case (a) is a special type recently considered by
Seifert [30]. If the total system is in equilibrium, (a) is
exact and the reduced system PDF becomes ρS(qS) ∼
e−βH
eff
S with HeffS = HS + H˜S, indicating that the strong
coupling induces an additional term in the system Hamil-
tonian. The case (b) corresponds to the usual assumption
of the product state of system and bath.
Difference between the true and reference states can
be measured by the relative entropy as D(ρ||ρ˜) = ln[ρ/ρ˜].
Then, the total entropy production ∆S in Eq. (3) can be
rewritten in terms of the system PDF and other energy
variables along with the relative entropy such as
(a) ∆S = −∆ ln ρS + β(QS −∆H˜S)−∆Da,
(b) ∆S = −∆ ln ρS + βQB −∆Db, (5)
where ∆Da,b are the relative entropy changes for the
types (a) and (b), respectively. In this derivation, we
utilized energy relations as QSB − QB = −∆HB and
QSB − QS = −∆(HB + HI). Then, the thermodynamic
second laws yield the inequalities,
(a) Ra = 〈−∆ ln ρS + β(QS −∆H˜S)−∆Da〉 ≥ 0,
(b) Rb = 〈−∆ ln ρS + βQB −∆Db〉 ≥ 0, (6)
where the equality holds for non-thermostatted bath
(QSB = 0), due to ∆ ln ρ = 0 for the Louiville dynam-
ics. Nevertheless, the FT’s and second laws in the above
forms still require the knowledge of the relative entropy
change which cannot be accessible without knowing the
true PDF ρ(qB|qS) of the bath.
One can get around this when the initial state is not ar-
bitrary but of our reference state (a) or (b) in Eq. (4). For
example, consider a quantity ∆A ≡ −∆ ln ρS + β(QS −
∆H˜S), appeared in Eq. (5), which does not require the
knowledge of the bath PDF. With the initial condition
prepared with the reference state (a), we get, for a finite
time interval t = [0, τ ],
〈e−∆A〉a =
∫
Dq(t) e−∆AΠ[q(t);λ(t)]
ρS(0)e
−β(HB(0)+HI(0))
ZBe−βH˜S(0)
=
∫
DqR(t) Π[qR(t);λR(t)]
ρS(τ)e
−β(HB(τ)+HI(τ))
ZBe−βH˜S(τ)
= 1, (7)
where Π[q(t);λ(t)] (Π[qR(t);λR(t)]) is the standard
conditional probability for the path (reverse path)
q(t) (qR(t)) and the protocol (time-reversed proto-
col) is λ(t) (λR(t)), and the Schnakenberg relation
Π[q(t);λ(t)]/Π[qR(t);λ
R(t)] = eβQSB is used. Note that
〈· · · 〉a is the average with the initial state of reference
type (a). The final equality comes from the probability
normalization because the second integral represents the
sum of all possible paths in the reverse process with its
initial state of the same reference type (a). Similarly, we
3get for ∆B ≡ −∆ ln ρS +βQB as 〈e−∆B〉b = 1, when the
initial condition is prepared with the reference state (b).
The FT for ∆A in Eq. (7) has been recently found by
Seifert [30] in the case without the super bath, and the
FT for ∆B has been known for quantum systems [32].
The corresponding inequalities are given as
(A) RA = 〈−∆ ln ρS + β(QS −∆H˜S)〉a ≥ 0,
(B) RB = 〈−∆ ln ρS + βQB〉b ≥ 0. (8)
One should notice that RA or RB do not necessarily in-
crease with interval time τ (dRA/dτ and dRB/dτ can be
negative), because the total system PDF does not main-
tain its form of reference states as soon as the evolution
starts. In contrast, Ra or Rb should increase always with
τ . These properties will be shown explicitly from rig-
orous calculations for a simple example later shown in
Fig. 1. We remark that, with reference initial states,
RA ≥ 〈Da(τ)〉a ≥ 0 from Eq. (6), which implies the
inequality for the total entropy production provides a
tighter bound by the amount of the relative entropy at
the final time. A similar result was found in Ref. [31].
Now, we take a concrete example for explicit calcula-
tion of three heats in average and also their PDF’s. Con-
sider a Brownian colloidal particle submerged in a fluid
bath. This colloid interacts with bath particles nearby
through a finite-range interaction. These perturbed bath
particles relax fast into equilibrium and new bath parti-
cles begin to interact as the colloid moves through the
bath. For an analytic approach, we mimic this situation
by considering only a small number N of bath particles
moving along with the colloid through strong harmonic
interactions [34]. All other non-interacting bath particles
are in equilibrium.
For simplicity, we only consider the one-dimensional
model and take the bath potential UB = 0. The total
system state is given by q = (x, p, x1, p1, · · · , xN , pN )t
with the system state qS = (x, p)t and the bath state
qB = (x1, p1, · · · , xN , pN )t. We use a different ordering
of the components of the state vectors from the previous
one. Note that we dropped state variables of all other
bath particles which do not interact with the colloid. The
interaction Hamiltonian is written as HI =
∑
i Vi where
the interaction potential between the colloid and the i-
th bath particle is chosen as Vi = κ(x − xi)2/2, which
is long-ranged enough to keep interacting bath particles
near the colloid. In order to study non-equilibrium mo-
tion, we introduce a sliding harmonic potential with a
constant velocity u given by U(x, λ(t)) = k(x− λ(t))2/2
with λ(t) = ut. This protocol for a Brownian particle has
been extensively studied experimentally [35–37] and the-
oretically [38–40] for a single-particle Langevin system.
We define q∗ = q − ut for u = (u, 0, u, 0, . . .)t. Then,
the total Hamiltonian at time t can be expressed as a
function of q∗ with no explicit time dependence, given as
H(q∗) =
1
2
q∗ · Aeq · q∗ = 1
2
q∗ · (AS + AI + AB) · q∗ (9)
FIG. 1. (Color online) RA (red, upper) and Ra (blue, lower)
versus time t for β′ = 1.5, u = 0.02. We use N = 2, γ = 30,
µ = m = 1, k = κ = 1, and β = 1. RA > Ra and RA is not
monotonous for this weak nonequilibrium case, as expected.
where various matrices A are obtained from the corre-
sponding Hamiltonians H, HS, HI, and HB which are
quadratic in q∗. We decompose q∗ into a stochastic part
z and a deterministic part d, which are governed by
d˙ = −F · d− u , z˙ = −F · z+ ξ(t) . (10)
Here, F is a d × d positive-definite matrix with d =
2(N+1). The white noise ξ(t) acts exclusively on the mo-
menta of bath particles. See Sec. I in the Supplementary
Material (SM) for the explicit forms of matrices [41].
We get d(t) = −F−1(I−e−Ft)·u for the initial condition
d(0) = 0. The PDF for z at time t is given [42, 43] as
σ(z, t) =
√
|βAt|
(2pi)d
exp
[
−β2 zt · At · z
]
where A−1t = A−1eq −
Ut,0(Aeq −A−10 )Utt,0 for Ut,t′ = e−F(t−t
′). Then, the PDF
for q at t is given by
ρ(q, t) =
√
|βAt|
(2pi)d
e−
β
2 [q−ut−d(t)]t·At·[q−ut−d(t)]. (11)
The nonequilibrium nature of the system is characterized
by a nonzero value of 〈q〉 = ut+ d(t).
We write the three heats and work accumulated for
0 < t < τ using Eq. (1) as
W =
∫ τ
0
dt
∂U(x, t)
∂t
= −ku
∫ τ
0
dt[q∗(t)]x (12)
Qα = W −∆
[
1
2
q∗ · Bα · q∗
]
(13)
where the subscript x denotes the first (system position)
component of the vector and Bα = AS, AS +AI, and Aeq,
respectively for α = S, B, SB.
We can choose an initial condition according to type
(a) such as A0 = (β′/β)AS + AB + AI and find ρ(q, t)
from Eq. (11). Then, we find Ra and RA for Fig. 1; see
Sec. II in SM [41]. The behavior of the two quantities in
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FIG. 2. (Color online) Plots for Peqα (r) for r = βQ. The
distributions become broader for larger N . For the same N ,
PeqSB is the broadest and PeqS is the sharpest. PeqS (r) = e−|r|/2
is independent of N .
time is presented in Fig. 1, which is consistent with the
expectation.
The generating function for the heat distribution is de-
fined as Gα(λ) = 〈e−βλQα〉 where 〈· · · 〉 denotes the aver-
age over all trajectories z(t) for 0 < t < τ , and the initial
and final states, z0 and zτ , for an initial PDF and the
trajectory probability. For convenience, we only consider
the β′ = β case for the initial condition, implying that
the total system is in equilibrium at the beginning. We
have
Gα(λ) =
〈
e
βλ
2 q
∗
τ
t·Bα·q∗τ eβλku
∫ τ
0
dt[q∗(t)]xe−
βλ
2 q
∗
0
t·Bα·q∗0
〉
= cαNα
〈
eβλd
t
τ ·Bα·zτ+βλku
∫ τ
0
dt[z(t)]x
〉
ren
. (14)
Here q∗τ = zτ + dτ and q∗0 = z0 are used to get the sec-
ond line. cα is the multiplicative factor independent of
integration. Nα is the normalization factor for the renor-
malized integral due to the alteration of the initial and
final PDF’s by Bα. The renormalized integral 〈· · · 〉ren
in Eq. (14) can be performed by using the cumulant ex-
pansion in terms of renormalized correlation functions
〈z(t)tz(t′)〉ren [40]; see Sec. III in SM [41]. In the fol-
lowing, we consider the long-time limit, neglecting terms
with e−Fτ and e−F
tτ .
For the equilibrium case (u = 0), the generating func-
tion is given by Nα only, given in the large τ as
Geqα (λ) =
√
|Aeq|2
|Aeq + λBα||Aeq − λBα| =
1
(1− λ2)ν , (15)
where ν = 1, 1 + N/2, N + 1 for α = S, B, SB, re-
spectively. Using the Fourier transformation, we evalu-
ate the equilibrium heat distributions for dimensionless
heat r = βQ, given as
Peqα (r) =
(|r|/2)ν−1/2√
piΓ(ν)
Kν−1/2(|r|) , (16)
where Kν(z) is the second-kind modified Bessel function
of order ν. Figure 2 shows a clear difference in three heat
distributions depending on N , but their averages vanish
as expected in equilibrium. It is interesting to note that
PeqS (r) = e−|r|/2 is independent of N and has been found
to be consistent with the equilibrium heat distribution
for the single-particle Langevin system [44, 45].
For the nonequilibrium case with u 6= 0, we find
〈W 〉 = kuτ [F−1 · u]x → Nγu2τ for large τ . This is ex-
actly N times larger than the corresponding value for
the single-particle Langevin system [44, 45], which im-
plies that the dissipation coefficient for the colloid parti-
cle increases linearly with the number of interacting bath
particles. This is consistent with the usual Stokes’ for-
mula [46, 47] and indicates that our rather oversimplified
model still describes the colloidal particle dynamics rea-
sonably well.
We compute Eq. (14) for the large τ limit and find
Gα(λ) ' e
−Nτwλ(1−λ)−Nwbαλ3/[2(1+λ)]
(1− λ2)ν , (17)
where w = β〈W 〉/(Nτ) = γu2 and bα’s in unit of time
differ for three heats Qα; see Sec. IV in SM [41]. The heat
distribution function for βQ = Nτwq can be obtained by
the Fourier integral as
Pα(q) =
∫ i∞
−i∞
dλ
2pii
e−Nτw[λ(1−λ)−qλ]−Nwbαλ
3/[2(1+λ)]
(1− λ2)ν ,
(18)
which can be evaluated by using the saddle-point approx-
imation due to singularities [40, 48, 49]. The saddle point
λ∗ occurs in the range −1 < λ∗ < 1. We consider three
piecewise regions: (1) far from λ∗ = ±1 corresponding to
−1 < q < 3 (center); (2) λ∗ ' 1 corresponding to q < −1
(left wing); (3) λ∗ ' −1 corresponding to q > 3 (right
wing). After some algebra (see Sec. V in SM [41]), we
find
5Pα(q) =

exp
[−Nτ4 w(1− q)2 − 12 ln(wτ)] ; −1 < q < 3
exp [Nτwq + (ν − 1) ln(wτ)] ; q < −1, |q + 1|  (Nwτ8ν )−1/2
exp
[
−Nτw(q − 2) +N√2w2bατ(q − 3) + 12 (ν − 32) ln [w2bατ(q − 3)]] ; q − 3 ( 2τbα)−2/3
.
(19)
The most significant corrections to the large deviation
function, proportional to τ in the exponent of the above
equation, appear in the right wings for q > 3. Difference
arises from the initial memory effect of different Hamil-
tonians in Eq. (13) [40, 48–51].
For a general strongly coupled system and bath, we
find the appearance of the three different heats and var-
ious forms of FT involving different heats. From the ex-
ample of a sliding harmonic potential, we confirm the
FT for the total entropy production providing a tighter
bound than other FT’s and manifest explicitly the differ-
ence in fluctuations of three heats in equilibrium and also
nonequilibrium steady states. It would be interesting to
study on various heats and FT’s for quantum systems.
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